We consider Einstein gravity minimally coupled to a scalar field with a given potential in general dimensions. We obtain large classes of static hairy planar black holes which are asymptotic to AdS space-times. In particular, for a special case µ = (n − 2)/2, we obtain new classes of exact dynamical solutions describing black holes formation. We find there are two classes of collapse solutions. The first class solutions describe the evolution start from AdS space-time with a naked singularity at the origin. The space-time is linearly unstable and evolves into stationary black hole states even under small perturbation. The second class solutions describe the space-time spontaneously evolves from AdS vacua into stationary black hole states undergoing non-linear instability. We also discuss the global properties of all these dynamical solutions.
Introduction
AdS/CFT correspondence provides a new approach to study non-equilibrium thermalization of strongly coupled field theories [1, 2] . The dual picture in the gravity side is the space-time evolves from pure AdS vacua into some stationary black holes states at late times. Hence the dynamical formation of planar black holes that are asymptotic to AdS space-times is of particular interests and importance in the field of AdS/CFT correspondence. Besides, the (in)stability of AdS vacua is also an important subject in General Relativity. This is usually studied by both numerical and half-analytical methods in literature [3, 4, 5, 6, 7] . Generally speaking, AdS vacua with a massive scalar satisfying the Breitenlohner-Freedman bound is linearly stable against small perturbation. However, numerical results also indicate that space-time can undergo non-linear instability and evolve into some final black holes states.
In short, the construction of dynamical solutions in General Relativity has both applications in quantum field theories and its own interests and importance.
Unfortunately, there are few examples of exact dynamic solutions having been found for given Lagrangians. Recently, a first example of exact dynamic solutions describing black holes formation was constructed in some minimally coupled Einstein-scalar gravity in four dimensions [8, 9] . This solution was soon generalized to include electric charges [10] . Analogous dynamical solutions were also found in three dimensions [11, 12] and higher dimensions [13] in some non-minimally coupled Einstein-scalar gravities.
The motivation of current paper is to construct more exact dynamic solutions of black holes formation. We focus on minimally coupled Einstein-scalar gravities. We would like to construct dynamical black holes with planar topology which may have further applications in the AdS/CFT correspondence. Our strategy follows [8] . We first construct static black holes with scalar hair. The solutions contain only one independent integration constant associated with the scalar field. This is a non-conserved quantity. We further promote it to be dependent on the advanced times and solve the equations of motions in EddingtonFinkelstein like coordinates. If all the equations of motions can be analytically solved with the time dependent scalar parameter satisfying a single dynamic evolution equation, we succeed in constructing exact dynamic solutions. Yet this procedure does not always work well. In fact, we cannot obtain further solutions in most cases. Fortunately, for a special parameter µ = (n−2)/2, we successfully construct some new dynamical solutions in general dimensions. Their properties and global structures are also discussed with details. This paper is organized as follows. In section 2, we construct new static hairy planar black hole solutions in certain minimally coupled Einstein-scalar theories. We analyze their global structures and derive their thermodynamic first laws. In section 3, we follow above strategy and obtain new classes of dynamical solutions. In section 4, we give a short discussion on the global properties of general dynamical solutions. In section 5, we first studied two exact examples in which the dynamic evolution equation of the scalar parameter can be analytically solved. For general case, the scalar parameter are solved in terms of an implicit function of the advanced time. We find that these dynamical solutions can be classified into two different classes and they all describe black holes formation. We conclude this paper in section 6.
Static solutions
We consider Einstein gravity minimally coupled to a scalar field whose Lagrangian density is given by
The covariant equations of motions are
This model has been extensively studied in literature [13, 14, 15, 16, 17, 18, 19, 20, 21, 22] .
The construction method has been well demonstrated. We will omit the construction details and just give the final results. We find that for the potential given by
where n is the space-time dimension, g 2 , α , k 0 are numeric constants and
there exist exact black hole solutions. Before presenting the solutions, let us first discuss the properties of the potential. For small φ, the potential can be expanded as
We can read off the scalar mass square m 2 = −µ(n − µ − 1)g 2 . For 0 < µ < n − 1, the mass square becomes negative and we shall require that it is above the BF bound, namely
Interestingly, we find that this condition is always satisfied and m 2 = m 2 BF = −µ 2 g 2 when µ = 1 2 (n − 1). This implies that the AdS vacua is stable against small perturbation at linear level.
Given this potential, our minimal theory (1) admits exact planar black holes solutions with scalar hair
where d x 2 is the (n−2) dimensional space with planar topology and q is the only independent integration constant associated with the scalar. It is easy to see that the AdS vacuum emerges for vanishing q.
We now turn to discuss the global properties of these solutions. Asymptotically, the metric function f behaves as
The mass of the black holes can be read off by
The positiveness of the mass requires α > 0. To establish that there exists a horizon, we first note that the hypergeometric function in the metric function f is positive definite due to following identities
Therefore, for sufficient large α, there does exist a horizon r 0 > 0 at which f (r 0 ) = 0. There are vast examples which satisfy this condition and we shall not list them case by case. In fact, a sufficient condition for the horizon is f (r) is negative in the r → 0 limit. We find 1
The specific form ofg 2 is irrelevant in our discussion. It is clear that when µ 2 k 2 0 < 2(n − 2)(n − 1), f (r) will be negative in the r → 0 limit for generic α.
The temperature and entropy density are given by
The equation f (r 0 ) = 0 implies that r 0 /q is a pure number, namely
It is straightforward to derive the thermodynamical first laws
and the generalized Smarr formula [23, 24] .
3 Dynamical solutions
For a special value of µ: µ = n−2 2 , we find that our minimal theory also admits exact dynamic solutions. The scalar potential turns out to be
.
Its small φ expansion is given by
It follows that the scalar mass square is m 2 = − 1 4 n(n − 2)g 2 which is above the BF bound. In Eddington-Finkelstein like coordinates, our new dynamical solutions can be cast into the form of:
where a ≡ a(u) is a single function of the advanced time u andȧ denotes the derivative with respect to u. Moreover, a(u) satisfies
or more suggestivelyä
where
In the asymptotical limit r → ∞, the metric function f behaves as:
The effective Vaidya mass can be read off by
Its time derivative is given byṀ
where we have imposed the dynamical evolution equation Eq. (19) to cancelä term in the final result. It is immediately seen thatṀ (u) ≥ 0 since a ≥ 0 is required in our new solutions to guarantee the reality of the scalar field for general dimensions. The equality is taken at two points a = 0 and a = q. Thus the Vaidya mass monotonically increases as the advanced time u increases. Moreover, the collapse solutions should satisfyȧ ≥ 0, implying that a(u) also monotonically increases during the black holes formation. Therefore, without giving the specific form of a(u), the physical picture behind our new solutions is simple: the dynamical evolution of space-times is driven by the scalar; it starts from AdS space-time 2 with a(u) = 0; As a(u) increases, the space-time begins collapse, resulting to the monotone increasing of the black hole mass; In the end, as u → ∞, a(u) approaches its equilibrium value q; Correspondingly, the space-time arrives at some final black hole states.
We will provide some analytical examples in which a(u) is solved into closed forms in section 5. Before this, in order to study the global structures of our new solutions, let us first discuss the global properties of general dynamical solutions.
Global properties of dynamical solutions
In this section, we will give some preliminaries for studying the global properties of general dynamical solutions. The metric ansatz is given by
where both f and σ are functions of r , u. Note that the metric function σ should be positive definite outside the apparent horizon since u was interpreted as the advanced time coordinate 3 . Throughout this section, we will not specify the metric functions and all the discussions are valid for this type metric.
Apparent horizon
By definition, apparent horizons are governed by the sign of the expansion of radial null geodesic congruences whose tangent vector are given by:
where the null geodesics are parameterized by λ ± (but they may not be their affine parameters) and the "±" signs are dual to outgoing and ingoing null geodesics, respectively. It is straightforward to verify that k a ± are null and they satisfy the null geodesic equations of motions
2 The space-time does not always become pure AdS vacua at this point, though the scalar vanishes. For some parameters, the space-time can also have a singularity at the origin. For details, see section 5. 3 The overall sign of σ is a pure gauge and can be absorbed by refining the time coordinate u. The crucial fact is that it should be regular everywhere in the space-time except the intrinsic singularity at the origin.
where the prime and dot denote the derivative with respect to r and u respectively. We
By definition, the space-time region enclosed by the apparent horizon is specified by θ + ≤ 0 where the equality defines the location of the apparent horizon. In other words, the apparent horizon is determined by
From Eq. (27), it is clear that outside the apparent horizon the expansion of the ingoing null geodesics θ − is negative. This implies that the apparent horizon is future 4 [25, 26, 27, 28] .
Local event horizon
In general, unlike the apparent horizon, the equation for the event horizon cannot be solved in dynamical space-times, though it is globally well defined 5 . We shall adopt a local definition for the event horizon which was first introduced in [29, 30] . The event horizon is locally defined by a null hypersurface which preserves the intrinsic symmetry of the space-time.
The resulting equation for the event horizon is very simple
However, we are aware of that it is not clear what the relation is between this locally defined event horizon and the "true" event horizon. To avoid confusion, we will call it "local event horizon". It is an effective conception for the purpose of describing the formation of black holes in dynamical space-times. Indeed, we find that this definition is reasonable for our solutions. The local event horizon always encloses the apparent horizon 6 and it approaches the event horizon in the static limit.
Examples
Now we present some examples in which the dynamical evolution equation Eq.(18) can be exactly solved. We will also analyse the global structures of these dynamical solutions. 4 The existence of the event horizon is guaranteed by the existence of future outer apparent horizons. The apparent horizon is called outer, if the Lie derivative k b − b θ+ is also negative outside the apparent horizon. We have also verified that our static solutions satisfy this condition. 5 In stationary space-time, the event horizon was equivalent to the Killing horizon which corresponds to a null Killing vector with non-vanishing surface gravity. 6 This is ensured in our numerics but we do not know how to prove it in a general manner.
Case 1:
When k 0 taking this special value, γ vanishes and theȧ 2 term in Eq. (19) is cancelled. The
which can be immediately solved by
We see that a(u) = 0 at u = 0 which is the starting point of the space-time collapse.
However, this is not a stationary point sincė
is non-vanishing at u = 0. Hence, the space-time is unstable against perturbation at linear level. Once u slightly deviates from this point, a(u) will be non-vanishing and the collapse happens inevitably no matter how small a(u) is. However, we should point out that the space-time is not pure AdS vacua at u = 0, though a(u) vanishes. Actually the global structure of the space-time around this point is very subtle. Without loss of generality, we focus on the n = 4 dimension. Around u = 0, the scalar and the metric functions behave as
Some curvature invariants are given by
It is easy to see that the space-time becomes pure AdS at u = 0 except the r = 0 point. At u = 0 , r = 0 point, the curvature polynomials are not well defined and the existence of the singularity strongly depends on the path to this point on the (u , r) plane. For some paths such as r ∝ u δ with δ ≤ 1/3, the singularity disappears. However, we find that all these trajectories are space-like, indicating that this singularity is non-traversable. Nonetheless, we can still connect the space-time to an AdS vacuum for u < 0. The birth of the evolving black hole can be understood as a vacuum being kick-started by a naked singularity 7 .
7 Certainly, the energy-momentum tensor is also singular at this point. By "naked", we mean the apparent horizon vanishes in u → 0 limit. This is ensured in our numerics. We can also verify this half-analytically by developing Taylor series around the u = 0 point. Figure 1 : The evolution of local event horizon (the red line) and apparent horizon (the green line) for n = 4 dimension. Near the static limit, both the horizons approach the event horizon exponentially fast. As u → ∞, they can be solved in terms of Taylor series of e −αqu , which are plotted as dashed lines (to third order). Some constants g 2 ,α , q have been set to unity.
In Fig.1 , we plot the local event horizon and apparent horizon as a function of the advanced time u during the formation. The apparent horizon is always inside the local event horizon and both of them approach the event horizon in the static limit. As u → ∞, the system reaches the static limit exponentially fast. We find
where M 0 is the static black hole mass given by (8) . Hence, we can define a characteristic
. It is clear that for a bigger mass M 0 the relaxation time becomes shorter. This is characteristic for our solutions. At large u, the evolution equations for the local event horizon and apparent horizon can also be solved in terms of e −αqu series. We find
where r 0 is the event horizon of the static black hole; the series coefficients r i ,r i are solved by n , q , r 0 , resulting to lengthy expressions which are not suggestive to give. In Fig.1 , we plot these series as dashed lines. We see that they perfectly coincide with the numerical solutions at large u region. 
Case 2:
In this case 8 , γ = −2 and Eq. (19) can be integrated. The resulting first order equation iṡ a +αa 2 log (
This equation can be further solved in terms of an exponential integral function, Ei log (
We plot a(u) as a function of the advanced time u in Fig.2 . It is interesting to note that the system evolves from u = −∞ to u = +∞ and both points are stationary, namelẏ a(±∞) = 0. This is clear from the first order equation (37). In fact, at u = −∞ the space-time is pure AdS vacuum, which is linearly stable against perturbation 9 . Near the past infinity u → −∞, a(u) behaves as a log a ∼ −1/(αu), indicating that the scalar just provides a weak source for the space-time evolution. However, after sufficiently long time, some non-linear effect becomes powerful to push the the space-time evolving into a stationary black hole state at the future infinity u → +∞.
8 When k0 taking this value, our minimal theory (with µ = (n − 2)/2) can be conformally transformed into a non-minimal coupled model, which was first studied in [13] . 9 This is understood in the sense that the scalar field satisfies the BF bound. However, for our dynamical solutions the perturbation of the scalar field is non-normalizable. In this case, the stability of the AdS vacua is not clear. for n = 4 dimension. The dashed lines are plots for the Taylor series of e −αqu (to second order). Some constants g 2 ,α , q have been set to unity.
We also find that as u goes to +∞, the system approaches the equilibrium at the rate of e −u/u 0 , where u 0 = 1/(αq) is the characteristic relaxation time. The scalar function a(u) and the Vaidya mass behave as
where c 0 is an integration constant which can be absorbed by constant shift of u. Formally, the local event horizon and apparent horizon also behave as Eq.(36). In Fig.3 , we plot both of them as a function of the advanced time u for n = 4 dimension. It is clear that their evolution during the formation follows the basic features which were demonstrated in the first example.
Finally, we remark that this special case provides an analytical example how the linearly stable AdS vacua undergoes non-linear instability and spontaneously evolves into a stationary black hole state. We shall also point out that since there is energy input from the AdS infinity for our dynamical solutions, the non-linear instability discussed in this subsection is significantly different from the ordinary discussions of the non-linear instability of the AdS space-time [3, 4, 5, 6, 7] , in which no energy flux at infinity was considered.
General case
Without loss of generality, we will set k 0 > 0 in this subsection. For generic k 0 , the dynamical evolution equation Eq.(19) can also be integrated, giving rise tȯ
It follows thatȧ = 0 for a = q andȧ > 0, for a < q. This is valid for both γ < −2 and γ > −2 cases (note that the γ = −2 and γ = 0 cases have been separately discussed in the above two subsections). Hence, a = q is the stationary point corresponding to the final black holes state. For the a = 0 point, the thing becomes more subtle. For lower lying k 0 satisfying k 0 < k c , where k c = 2
n−2 is a critical value, γ becomes positive andȧ diverges in the a → 0 limit. This implies that a = 0 is not a stationary point and the space-time is unstable against perturbation. In fact, the global structure of the space-time around this point is similar to the k 0 = k c case: the space-time becomes pure AdS except the r = 0 , u = 0 point, which is an intrinsic singularity. On the contrary, for the higher value k 0 > k c , γ becomes negative andȧ vanishes as a approaches zero, indicating that a = 0 is also a stationary point which corresponds to the AdS vacua state. The first order equation Eq.(40) can be analytically solved. We find
Here u i is an integration constant and we set u i = 0 for γ ≥ −2 and u i = iπ for γ < −2 case 10 . In general, a(u) turns out to be an implicit function of the advanced time u. In Fig.4 , we plot a(u) as a function of the advanced time u for some lower lying k 0 for the n = 4 dimension. We see that their dynamical evolution follows the k 0 = k c case except the singular limit ofȧ at the u = 0 point. In Fig.5 , We plot a(u) for some higher value of k 0 .
We find thatȧ vanishes in the a → 0 limit for all the values k 0 > k c . In particular, for a 10 When γ < −2, the hypergeometric function becomes complex. Its imaginary part can be removed by setting ui = iπ which guarantees the reality of the advanced time u and a.
range of parameter −1 < γ < 0, or equivalently k c < k 0 < 2 √ 2, the a = 0 point was taken at some finite u (which has been set to zero), instead of the past infinity. This can also be easily seen from the solutions Eq.(41).
For all these solutions, the space-time exponentially approaches the equilibrium state at the future infinity. The relaxation time is universal, given by u 0 = 1/(αq). We find 
The dynamical evolution of both local event horizon and apparent horizon follows the basic properties which were shown in Fig.1 and Fig.3 . 
Conclusions
In this paper, we study Einstein gravity minimally coupled to a scalar field with a given potential in general dimensions. We obtain large classes of static planar black holes with scalar hair which are asymptotic to AdS space-times. These hairy planar black holes contain only one free integration constant q which is associated with the scalar field. Some physical quantities such as the mass, temperature and the entropy are all determined by functions of q. We discuss their global properties and derive their thermodynamic first laws.
For a particular case µ = (n − 2)/2, our minimal theory admits exact dynamic solutions in Eddington-Finkelstein like coordinates. These dynamical solutions describe the formation of black holes. They can be roughly classified into two different classes, depending on one of their parameters k 0 value. For the low lying k 0 , satisfying k 0 ≤ k c , where k c is some critical value, the dynamical evolution starts at u = 0 at which the space-time becomes pure
AdS but with a naked singularity at the origin. Hence, the space-time is unstable against perturbation and inevitably evolves into stationary black holes at the future infinity. For larger value k 0 > k c , the evolution starts from pure AdS vacua at u = 0 or at the past infinity which is linearly stable. However, after sufficiently long time the space-time will also evolve into stationary black hole states driven by some non-linear effects. Corresponding to these two classes solutions, we also present two exact examples.
In summary, our dynamic solutions provide more explicit and analytical examples describing the formation of planar black holes with scalar hair.
